Downloaded 01/09/23 to 3.235.101.193 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

Area-Preserving Subdivision Simplification with Topology Constraints:
Exactly and in Practice ∗
Thomas Mendel

†

Abstract

1

Introduction

Given a planar subdivision and a set of points, we
want to simplify the subdivision by removing vertices
of degree 2. The vertices should be removed in such a
way that all points remain in their respective faces, the
area of any face changes by a factor of at most δ and
the distance of the resulting lines to the original ones is
at most ε.
While inapproximability carries over from less general problems, we present an heuristic approach which
solves continental sized instances in seconds. For citysized instances we can compute optimal results via
Integer-Linear-Programming and show, that our algorithm provides close-to-optimal results.

1.1 Motivation One of the main challenges for rendering map data on the screen arises from the abundance of data. In their typical representation (e.g.
in OpenStreetMap) a several hundred kilometers long
highway consists of thousands of individual road segments. Rendering all of those nodes and even more so
transmitting them over the internet is certainly a waste
of time in particular for a mobile device. So typically
one simplifies the chain of segments by replacing subsequences of degree-2 nodes by single segments. Depending on the screen size and resolution, this can be
done without really affecting the visual quality.
The same holds for country borders and most of the
available map features in general.
1.2 Related Problems A possible formalization for
the given problem is given by the following Classical
Line Simplification Problem. Generalizations of the
problem allow for more pleasant and reasonable output.
Line Simplification In the classical line simplification
problem (CLSP) we are given a polygonal chain C =
p0 p1 p2 . . . pn with pi ∈ R2 and an error parameter
ε ≥ 0 and ask for a simplification of C, that is, indices
0 < i1 < i2 < · · · < ik < n such that the polygonal
e = p0 pi pi . . . pi pn is a faithful approximation
chain C
1
2
k
of C. Here ‘faithful’ means that for every ‘shortcut’
segment sj = pij pij+1 of the simplification, the furthest
distance of a point in {pij , . . . pij+1 } to the shortcut
segment sj is at most ε. A natural optimization goal is
to compute a faithful approximation with as few vertices
as possible, that is, minimizing k.
Solving CLSP is of great interest in particular in
the map rendering context.

Intersection Free Naturally, simplification of degree2-chains should not introduce intersections, so a sensible
generalization of CLSP to the map rendering context is
∗ This work was partially supported by the Deutsche
the map simplification problem (MSP). There, we are
Forschungsgemeinschaft (DFG) as part of the priority program
given a planar subdivision in form of a planar straight1894: Volunteered Geographic Information: Interpretation, Visuline embedding of a graph G(V, E) and a parameter ε ≥
alization and Social Computing.
† mendel@fmi.uni-stuttgart.de
0. The goal is to solve CLSP for each maximal degree-
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Figure 1: A map of Western Europe with intersections and topology violations after line simplification of country
boundaries (from [2], courtesy of de Berg et al.)
2 chain of the graph without introducing intersections 1.3 Related Work For CLSP there are several
(within a single and between different degree-2 chains). known algorithms, the most popular being the algorithm by Douglas and Peucker [7]. Unfortunately, it
Topology constraints Unfortunately, just solving neither guarantees absence of self-intersections nor opMSP without additional care might lead to undesired timality (i.e. minimum number of surviving points) of
effects, see Figure 1. In the simplification (right) of a the result. Its worst-case running time is Θ(n2 ), though
map excerpt of Europe (left), some cities switched coun- better running times are experienced in practice. Hershtries or ended up in the sea. This gives rise to a more berger and Snoeyink in [13] showed how to speed-up the
general map simplification problem with topology con- Douglas-Peucker algorithm to a worst-case running time
straints (MSTOPOP): Given a planar subdivision, a of O(n log n). The algorithm by Imai/Iri [14] guarantees
parameter ε, and a set of points P ⊂ R2 , the goal is a result with minimum number of surviving points, but
to solve CLSP in such a way that every point p ∈ P not the absence of self-intersections. Its running time is
remains in the same face as before. If some face is con- O(n3 ) in its original version, but an improved variant
tained within another face, this relationship should also with a running time of O(n2 ) exists, see [6].
be preserved.
Estkowski and Mitchell [9] have shown, that for
In section 2 we will present a more local variant MSTOPOP (without topology points) it is NP-hard to
of this problem (MSLOCTOPOP), which better pre- obtain an approximate solution better than within a
serves spatial relationships in the map-rendering con- factor of n1/5−δ , δ > 0. Their result carries over to
text.
MSP and its generalizations.
In [2] De Berg et al. consider a heuristic solution to
Area-Preservation Even though the boundary move- MSTOPOP and MSP. Their algorithm has a running
ment is bounded by ε there might still be significant loss time of O(n(n + m) log n) where n is the number of
of area for (relatively) small features.
vertices of the subdivision chains and m the number of
To counter this an additional parameter δ ≥ topology constraints. Unfortunately, this algorithm has
0 is introduced, that controls the amount of area never been implemented and inherently bears a lower
lost (or gained). So in addition to MSTOPOP we bound on the running time that is quadratic in the
also enforce that for every face f with area Af the length of the longest degree-2-chain, which to us made
area of it’s simplified counterpart lies in the interval it not a very promising candidate for implementation of
[Af · (1/(1 + δ)), Af · (1 + δ)].
a fast heuristic.
This is especially useful when rendering maps. By
For MSP an implementation is available in the
bounding the possible loss of are we can make sure, that CGAL-library [18] which follows [8].
every area roughly keeps its original significance, even
There are also quite different approaches where the
if large values of ε are applied to small features.
simplification does not have to use the original point set,
e.g. [11]. Yet, also for this variant the authors could
show, that computing a then so-called minimum-link
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simple polygon of a given homotopy type is NP-hard.
Another technique to simplify maps is given by
Poorten and Jones [17]. Like our approach it is also
based on Delaunay Triangulations. Their goal is different though: Rather than minimizing the number of
vertices in the simplification they aim at preserving specific features of the input.
Instead of subsampling the vertices of a given
subdivision, Goethem et al. [20] propose fitting curves
to the input while preserving topology. They do not
incorporate constraint points, though.
Abam et al. [1] consider a problem somewhat in
between the ones stated above. For a given polyline,
a set of constraint points, and an error bound the
goal is to find an optimal simplification of the input
line within that error bound, that is homotopic to the
input line. They give a polynomial time algorithm to
solve the problem. Further they define the notion of a
strongly homotopic simplification, which allows exactly
those simplification our local definition does. They
give an algorithm to compute all shortcuts that can
be used in a strongly homotopic simplification, that
runs in O(n(n + m)log(n + m)) time. After computing
those shortcuts they plug their results into the Imai/Iri
framework to obtain a simplification. Unfortunately,
their output might contain self-intersections.
As a side node, in the GISCup’14 – a competition
held at the ACM SIGSPATIAL GIS conference 2014 –
a variant of the problem (without a precision constraint
– i.e., ε = ∞) was tackled by several teams.
In [10] Funke et al. describe an algorithm based on
a Delaunay triangulation, which solves MSLOCTOPOP
quickly. They also introduced the aforementioned notion of local topology consistency, which we adopt. We
are going to extend their approach by considering areapreservation and speed up computation time via εcones.
Bose et al. describe different measures of area
displacement in [4]. They only consider x-monotone
polygonal chains. They propose an algorithm with
quadratic running time for one of their measures. For
the other two measures they prove N P-hardness and
propose an approximation algorithm for each them,
again with super-quadratic running times.
In [5] Buchin et al. introduce an edge-move operation. This operation allows simplification of subdivisions that preserve topology as well as area. Additionally no new edge orientations are introduced. This
allows for nice schematizations but running times are
rather high (“few hours” for maps with 1.8 million
edges).
[15] describes an approach for area- and topologypreserving schematization, which outputs only rectilin-

ear edges. This algorithm has again up to quadratic
running times.
1.4 Contribution We extend the approach of [10] by
constraining the displaced area of the simplification. We
also modify their algorithm to allow for a more precise
yet quickly to evaluate method to bound the distance
between the intermediate simplification and the input.
The proposed algorithm still runs fast enough to allow
the simplification of continental-sized instances in mere
minutes and is therefore much faster than competing
algorithms, which consider area-preservation. Yet it
remains very easy to implement.
We evaluate the performance of the algorithm by
comparing it’s results to optimal results obtained by
integer linear programming for smaller instances. This
comparison shows, that the heuristic can obtain results,
that are close-to-optimal.
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Figure 2: Two invalid simplifications that become valid when applied simultaneously.
2

Local Topology-Consistency

Consider the example in Figure 2, (a) where we have a
planar subdivision with two faces – one U-shaped face
bounded by v0 v1 . . . v9 v0 and an outer face which also
contains a topology constraint point p. For sufficiently
large values of ε, the simplification shown in Figure 2(d)
is indeed a valid simplification according to MSTOPOP
since p still lies in the outer face. This might be somewhat counterintuitive since p somehow ‘switched sides’
(even though topologically it is, of course, still in the
right face). In particular, if we locally inspect the shortcut v0 v3 replacing the chain v0 v1 v2 v3 there is indeed a
switch of sides; it is only valid by simultaneously shortcutting v5 v6 v7 v8 by v5 v8 .
We believe that, in map rendering applications, it
is more natural to demand that shortcuts locally do
not make points switch sides. We therefore employ the
local topology definition from [10]. This definition also
matches what is implied by strong homotopy according
to [1].
Definition 2.1. For given ε > 0 and constraint point
set P , a shortcut u1 uk is considered a valid shortcut for
the polygonal chain C = u1 u2 . . . uk if
• the distance of ui , 1 < i < k to the segment u1 uk
is at most ε.
• the polygon (possibly with self-intersections) defined
by the polygonal chain
C 0 = u1 u2 . . . uk u1 does not contain a constraint
point (via the even-odd-rule [19]).

hence there is little hope to find a polynomial-time
approximation algorithm which solves MSLOCTOPOP
with an approximation ratio substantially better than
n1/5 . In fact, avoidance of intersections during minimization seems to be the core of hardness, since with
intersections not forbidden, [1] yields a polynomial-time
solution.
3

ILP

For a simple polygon P , defined by its vertices
p0 , p1 , . . . pn (with pn = p0 ), the area can be computed
by the following formula (derived from [16]):
(3.1)
(3.2)

1 x
(p − q x )(py + q y )
2
n
X
area(P ) =
parea(pi−1 , pi )

parea(p, q) =

i=1

The area is positive if the polygon is oriented counterclockwise and negative if it oriented clockwise. This
formula allows computation of the area based on the
segments enclosing P and will allow for an elegant
formulation of the area-preservation constraint in the
ILP.
Let C be the set of chains, that is maximal sequences
of degree-two points in the subdivision, where only the
first and last point have degrees other than two. For
any chain c ∈ C |c| denotes its number of nodes and
c0 , c1 , . . . c|c|−1 the sequence of nodes.
For every chain c ∈ C we introduce binary variables xci,j . This variable indicates whether the nodes
ci+1 , ci+2 , . . . cj−1 are replaced with the segment ci cj
(xci,j = 1) or not (xci,j = 0).
The objective of the program is simply the sum of
all variables:
X X
min
xci,j

Definition 2.2. For a planar subdivision given as a
straight-line embedding of a graph G(V, E), a set of constraint points P ⊂ R2 , and an ε > 0, the goal of the Map
Simplification with LOCal TOPOlogy constraints Problem (MSLOCTOPOP) is to simplify degree-2 chains of
c∈C 0≤i<j<|c|
G using non-intersecting valid shortcuts such that the
The linear program is executed with the following set of
total number of remaining vertices is minimized.
constraints.
The following two constraints make sure, that
As MSLOCTOPOP comprises MSP as a special
case (with the set of topology constraints being empty), chains are replaced with chains. We start with exactly
the hardness of approximation result in [9] carries over, one segment from the first node and make sure every
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intermediate node has the same number of segments
coming in and going out (that is: 1 if it is part of the
simplified chain or 0 if it is omitted):
X
∀c ∈ C :
xc0,i = 1
0<i<|c|

∀c ∈ C : ∀0 < j < |c| :

X
0≤i<j

X

xci,j =

xcj,k

4

Heuristic

The heuristic is based on constrained triangulations.
We start with the original input and remove nodes one
by one, maintaining a valid simplification at all times.
The triangulation allows us to quickly decide, whether
a given node can be removed without violating any
constraints.

j<k<|c|

4.1 Algorithm
The next constraint ensures we can only use variables
whose corresponding segments are ε-valid:
Preparation The algorithm starts by computing a
constrained triangulation. All nodes (endpoints of
if ∃i < j < k : dist(cj , ci ck ) > ε then xci,k = 0
segments, as well as constraint points) become vertices
of the triangulation. Additionally all segments of the
We only allow shortcuts that are locally topological input create a constrained edge in the triangulation.
consistent as described in section 2:
Afterwards we compute the area of each occurring
face (of the input subdivision) as a baseline for our
c
if ∃p ∈ P : p ∈ poly(ci , ci+1 , . . . cj , ci ) then xi,j = 0
algorithm.
The resulting area of f can be described as follows:
X
newArea(f ) =
xci,j ∗ pareaf (ci , cj )

Main Loop After initialization our algorithm follows a
rather simple procedure. It considers all degree-2 nodes.
For each node it checks the following conditions (let v
be the considered node, u and w are its two neighbors):

c∈chains(f )
0≤i<j≤|c|

Let orgArea denote the original area of a face. To keep
the areas δ-close to the original areas we employ the
following constraints:
∀f ∈ F :

• Is there any neighbor (in the triangulation) of v,
that is not on the outside of the triangle ∆(uvw)?
(except u and w)
• If we subtract the area of the triangle ∆(uvw)
from the face (in the subdivision) to the left of the
segment uv and add it to the right face: Are the
areas of both faces still δ-close to the initial areas?

1
· orgArea(f ) ≤ newArea(f )
1+δ

∀f ∈ F : newArea(f ) ≤ (1 + δ) · orgArea(f )
Finally we need to prevent 2 segments from being picked
simultaneously if they are intersecting:

• Are all nodes that were inbetween u and w in the
original subdivision ε-close the shortcut uw?

0

if ci cj intersects c0k c0l then xci,j + xck,l ≤ 1

If all three conditions hold, we can remove v from
the
triangulation,
unconstrain the edges u−v and v −w,
Because the number of variables can be Θ(n2 ) the
and constrain the edge u − w.
number of intersection-free constraints can be Θ(n4 ).
This loop is repeated until we removed less than a
Therefore these constraints should be implemented as
set fraction (e.g. 1%) of the remaining nodes.
lazy constraints. That means, we do not initially enter
these constraints into the ILP-Solver, but check for the
condition on every solution the solver presents us. If
we detect an intersection we add the constraints for
the variables corresponding to the intersecting segments
an have the solver continue with the new constraintset. This process is repeated until an optimal solution
without intersections is found.

121

Copyright © 2018 by SIAM
Unauthorized reproduction of this article is prohibited

Downloaded 01/09/23 to 3.235.101.193 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

Figure 3: ε-cone. For any Segment s originating from p
to a point in the shaded area, q is at most ε away from
s.
4.2 bounding distances efficiently:
ε-cones
Let’s only consider the ε constraint for a moment. For
a sequence of points p0 , p1 , . . . pn we sequentially check
whether we can remove points p1 , p2 , . . . pn and after
each removal introduce the according shortcut. Imagine ε being large enough that we can remove all points.
When removing point pi−1 we still have to make sure
the points p1 , p2 , . . . pi−1 are all at most ε away from
the segment p0 pi . Naively we would compute the distance for all i − 1 points. This would lead to a quadratic
running time.
We improve over this by generalizing the wedgebased approach of deBerg et al. [3]. Instead of only
handling x-monotone chains we handle arbitrary chains.
First we introduce the notion of an ε-cone. Figure 3
depicts such a cone for two points p and q. Because ε is
known all other values can easily be computed (notice
that the angle ∠ptq is 90 degrees). The ε-cone is the
shaded region of the construction.
Given such an ε-cone of p and q, the following holds
for any point r: If r lies in the ε-cone, q is at most ε away
from the segment pr. ε-cones can easily be intersected
if the have a common source point.
In the mentioned example of removing nodes from a
chain we can use these cones, by keeping the intersection
of the ε-cones from all currently removed nodes, to
reduce the complexity of the check from linear to
constant time. Figure 4 visualizes the procedure.

(a) before removal of q

(b) after removal of q

Figure 4: The first picture depicts the situation before
removal of q. We can remove q because r lies in the
intersection of all ε-cones seen so far. The second picture shows the situation after removal of q. We cannot
remove r because s does not lie in the intersection of all
ε-cones seen so far.
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4.3 managing small values of δ For very small
values of δ the algorithm might get stuck, because
every single removal would displace more area than δ
permits. Even though the simultaneous combination of
two or more removals would be feasible. To remedy
this situation we switch to the following strategy once
the algorithm cannot remove any more vertices: For
every chain we compute the set of vertices, which can
be removed without considering the area-constraint. We
now need to find a subset of those vertices, such that
the sum of their respective area displacements is again
feasible. We can only remove non-adjacent points safely
at the same time, so this is an additional constraint to
the selection problem.
We employ the following simple strategy to find a
feasible subset of those points:
1. Greedily select a subset of non-adjacent points.

4.5 Correctness We start with a valid simplification
(e.g. the trivial one, identical to the initial subdivision)
and at all times keep it intact:
Theorem 4.1. None of the performed removals makes
the simplification invalid.
Proof. The ε-constraints is taken care of via the ε-cones.
To retain topology we only perform removals of nodes
v (with neighbors u and w) if the triangle ∆(uvw) is
empty. This condition holds if none of the neighbors
of v (except u and w) lie within this triangle: Let
u0 , u1 , . . . uk be the sequence of neighbors of v starting
with u and ending in w. Either any of them lies in the
triangle or all of them lie outside. If any node is inside,
we’re done. If all of them lie outside, the union of their
faces does not contain a vertex and forms a superset
of the triangle. In this case we’re also finished. (See
Figure 5 in the appendix for a visualization.)

2. While the sum of the chosen subset is not feasible:
Remove one element such that the sum of the
remaining elements gets as close as possible to the
feasible range.
This algorithm terminates when an appropriate subset
has been found. It might return an empty set. In all
cases we can then simultaneously remove all vertices in
this subset.

u1
u

4.4 Running Time The initial constrained trianguv
lation can be built in time O((n + m) log(n + m)). In
each iteration of the loop we sweep linearly over the in- Figure 5: If none of v’s neighbors lies in the triangle
put and extend the ε-cones. Because we lose at least ∆(uvw), the triangle is empty.
a constant fraction of the input nodes in every iteration (otherwise we stop) the total number of considered
nodes is bounded by O(n). For every node we look at
all of its neighbors. This takes time δ, with δ being the
degree of the node. When we remove a node we have to
re-triangulate the resulting hole. This can be done in
time O(δ log(δ)) with δ being the degree of the removed
node.
In our experiments we never witnessed values of δ
greater than 50 and on average the observed values were
less than 6.
The special procedure to handle small δ values can
be executed in time |c| log |c| for any chain c. As the
length of each chain is bounded by n the whole term
is bounded by n log n and because of the exponential
decrease of n the total work of all calls to this procedure
is bounded by n log n.
So in practice the algorithm behaves near-linear.
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5

Experimental Results

6

In this section we provide some results about the
running time and solution size of the implementations
of our two approaches. We use real world data sets of
different sizes.
The experiments were executed on a single core of a
standard laptop with an Intel Core i5-4300U CPU with
1.9GHz and 12GB of RAM. The triangulation based
approach was implemented using the CGAL library [18].
For the ILPs we employed the Gurobi solver [12]. G++
5.4 with the -O3 flag was used to compile the programs
on a Linux installation. All running times were obtained
by averaging 10 runs.
We evaluate our algorithm on several real-world
data-sets:

Conclusions

We extended the heuristic of [10] and enabled it to
also handle area-preservation constraints. We further
improved the algorithm by introducing ε-cones, which
replaces the previously used upper-bound and leads
to faster execution times and/or more removed vertices. The algorithm remains faster than competing
algorithms, which solve subdivision simplification with
area-preservation.

• GIS{1-5}: The data-sets from GISCup’14
• BW: County Borders of German federal state
Baden-Wrttemberg with towns/cities/villages as
constraint points
• GMY: Germany with all state-district borders and
towns/cities
• EU: Europe with all federal-district-borders and
cities
The data-sets BW, GMY and EU were extracted
from OpenStreetMap.
See Figures 6 and 7 for visualizations.
5.1 Optimal Solutions We compare our heuristic
with optimal solutions obtained via the aforementioned
ILP. Experiments are run on the GIS{1-5} data-sets as
these are small enough to solve the ILP or at least
compute usable lower-bounds. See table 1 for the
results.
With one exception (GIS3, ε = .01, δ = .0001) our
algorithm always manages to be within a factor of 3 to
the lower bound obtained by the ILP. Also note, that the
bounds for the seemingly bad cases are often far from
tight and the algorithm might be even better, compared
to the optimal solution.
5.2 Larger Instances We evaluate our heursitic on
several real-world data-sets. Even on continental sized
instances the algorithm can compute reasonable small
results in mere minutes. See table 2 for details.

124

Copyright © 2018 by SIAM
Unauthorized reproduction of this article is prohibited

Downloaded 01/09/23 to 3.235.101.193 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

#faces
#segments
#constraint-points
ε = .01
δ=1
LP solution (time)
ALG solution (time)
ε = .01
δ = .1
LP solution (time)
ALG solution (time)
ε = .01
δ = .01
LP solution (time)
ALG solution (time)
ε = .01
δ = .001
LP solution (time)
ALG solution (time)
ε = .01
δ = .0001
LP solution (time)
ALG solution (time)
ε=1
δ = .001
LP solution (time)
ALG solution (time)
ε = .1
δ = .001
LP solution (time)
ALG solution (time)
ε = .01
δ = .001
LP solution (time)
ALG solution (time)
ε = .001
δ = .001
LP solution (time)
ALG solution (time)
ε = .0001 δ = .001
LP solution (time)
ALG solution (time)

GIS1
11
965
26

GIS2
19
1518
124

GIS3
163
8055
151

GIS4
466
26661
356

GIS5
793
25992
1607

84 (1.27s)
98 (0.31s)

139 (2.48s)
160 (0.44s)

579 (7.39s)
588 (5.19s)

1476 (61.02s)
1491 (12.88s)

2600 (69.29s)
2622 (19.50s)

84 (1.89s)
98 (0.31s)

145 (5.73s)
172 (0.46s)

597 (340.63s)
624 (5.27s)

1564 (28128.73s)
1637 (12.87s)

2776 (19741.66s)
2900 (20.06s)

86 (1.84s)
107 (0.35s)

151 (10.57s)
206 (1.84s)

[690, 678]
963 (9.69s)

[22166, 1686]
2250 (20.96s)

[3476, 3123]
4259 (34.13s)

87 (9.19s)
151 (0.81s)

155 (36.29s)
262 (2.59s)

[1187, 709]
1692 (16.90s)

[24475, 1785]
3429 (32.80s)

[22839, 3528]
6577 (56.11s)

88 (441.45s)
201 (2.22s)

[162, 158]
357 (3.48s)

[7348, 727]
2536 (20.94s)

[26661, 1818]
4734 (37.98s)

[24344, 3785]
9811 (67.87s)

49 (321.16s)
130 (1.09s)

102 (1883.00s)
226 (2.93s)

[1002, 692]
1692 (17.00s)

[24136, 1777]
3427 (32.85s)

[23001, 3529]
6574 (56.25s)

49 (668.47s)
130 (1.27s)

102 (71598.37s)
226 (2.88s)

[1002, 692]
1692 (17.00s)

[24136, 1777]
3427 (32.73s)

[23001, 3529]
6574 (56.37s)

87 (9.19s)
151 (0.81s)

155 (36.29s)
262 (2.59s)

[1187, 709]
1692 (16.90s)

[24475, 1785]
3429 (32.80s)

[22839, 3528]
6577 (56.11s)

490 (0.90s)
538 (0.36s)

717 (1.99s)
812 (1.10s)

2825 (5316.66s)
3568 (9.61s)

[2665, 2573]
3870 (32.48s)

[7288, 4771]
7248 (55.14s)

853 (0.79s)
856 (0.36s)

1264 (1.20s)
1267 (0.47s)

8004 (2.81s)
8004 (5.45s)

14488 (53.85s)
16388 (13.03s)

21086 (11.67s)
22339 (18.03s)

Table 1: Comparison on GISCup’14 data

#faces
#segments
#constraint-points
ε = .01
δ=1
ε = .01
δ = .1
ε = .01
δ = .01
ε = .01
δ = .001
ε = .01
δ = .0001
ε=1
δ = .001
ε = .1
δ = .001
ε = .01
δ = .001
ε = .001
δ = .001
ε = .0001 δ = .001

BW
84
137732
3996
762 (9.69s)
813 (9.65s)
967 (15.49s)
1363 (19.05s)
1988 (28.53s)
1328 (18.43s)
1328 (19.27s)
1363 (19.05s)
4201 (16.57s)
22957 (10.14s)

GMY
89
407538
2488
809 (21.40s)
1116 (23.58s)
1247 (27.09s)
1702 (30.13s)
3491 (33.86s)
1693 (30.85s)
1693 (30.95s)
1702 (30.13s)
3449 (28.20s)
18897 (27.11s)

EU
5182
3433890
1092
11342 (217.17s)
23218 (225.83s)
33331 (250.97s)
63550 (170.15s)
124909 (310.63s)
63544 (170.40s)
63545 (169.00s)
63550 (170.15s)
64197 (166.14s)
120813 (250.79s)

Table 2: Results on OSM data
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Appendix

Figure 6: The OSM data sets (BW, GMY, EU).

127

Copyright © 2018 by SIAM
Unauthorized reproduction of this article is prohibited

Downloaded 01/09/23 to 3.235.101.193 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

Figure 7: The GISCup’14 data sets (GIS1-5).

128

Copyright © 2018 by SIAM
Unauthorized reproduction of this article is prohibited

