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Abstract
Efficient multi-criteria decision making often requires looking
at a small set of representative objects from a large collection.
A recently proposed method for finding representative objects
is the k-regret minimizing set (k-RMS problem). Intuitively,
given a large set of objects (points) in d dimensions, the
goal is to choose a small representative subset, such that
for every user preference, there is always an object in the
subset whose preference score is not much worse than the
score of the k-th most preferred object in the original set. We
propose two new efficient approximation algorithms for the
k-regret minimizing set problem with provable theoretical
guarantees. Our algorithms improve on the space and time
complexities of previous approximation algorithms for the kRMS problem. In addition, we run extensive experiments on
real and synthetic data sets showing that simple modifications
of our theoretical algorithms run significantly faster than the
previous implementations of the k-RMS problem. Finally, we
present an efficient approximation algorithm with theoretical
guarantees for an extension of the k-RMS problem, which is
called the Top-k regret minimizing set problem.

1

Introduction

Imagine a user querying amazon.com for ‘digital camera’.
Such a search query can easily bring up thousands of
results, displaying which takes hundreds of pages. The
website would like to present the best choices in the first
few pages, such that almost all users find what they are
looking for. However, given the many parameters on
which a digital camera depends, it is a complex problem
to determine which are more important than others. This
is an example of the problem of multi-criteria decision
making. Assuming that the parameters of the objects
(digital cameras) are numerical, there are two common
approaches taken to present users with representative
choices. The first one is to fix a ranking function for
the objects, and present the top-k objects in order of

decreasing scores for some number k. The second one
is to present the user with a pareto-optimal set or the
skyline, i.e., a subset of the objects such that no other
object in the set is strictly better in all parameters than
any in the subset. Both of these have some shortcomings.
The top-k method is tied with a specific ranking function,
and it may be difficult to choose the ‘correct’ ranking
function. The skyline method has the disadvantage that
an extremely large subset of the objects can be on the
skyline, particularly so in high dimensions, i.e., the more
the number of parameters the less effective it becomes.
To alleviate these shortcomings multiple approaches have
been proposed. Agarwal et al. [1] introduced the notion
of coreset which is a small representative set of the data
that capture the geometric properties of the original set.
In particular, they find a set of objects that approximate
the width of the set for any user preference. Nanongkai et
al. [17] suggested the 1-regret minimizing set approach:
users can have different preference functions, but, for a
given tolerance of x%, it is desired to compute a subset of
objects such that for every user, at least one of the subset
is within x% of her top choice. This was generalized later
to the k regret minimizing set [11], where the preference
scores of the users top-k choice, is compared with the
best in the subset. Following the definition of k-regret
minimizing set in [11], we propose faster approximation
algorithms for finding small representative sets.

Problem formulation.
Let P be a set of n points
(objects) in d dimensions, where d is a constant. Each
point p = (p1 , . . . , pd ) in P has non-negative coordinates,
i.e., pi ≥ 0 for every i ≤ d. Let X = {x ∈ Rd | xi ≥ 0 ∀i}
be the positive (first) orthant of Rd . Notice that P ⊂ X.
A user preference (vector) is represented as a point
u = (u1 , . . . , ud ) ∈ X. One of the most common scoring
function in the top-k and k-regret minimizing set queries
is a linear function over the parameters of an object.
Given a preference u ∈ Rd , the
Pd score of an object p is
defined as ω(u, p) = hu, pi = i=1 ui pi .
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For a subset Q ⊆ P and a preference u, define the
regret of Q for preference u, denoted by `k (u, Q, P),
1 (u,Q)}
as `k (u, Q, P) = max{0,ωkω(u,P)−ω
. Intuitively, this
k (u,P)
is the relative error of ωk (u, P) and ω1 (u, Q). The
maximum regret ratio of Q is defined as `k (Q, P) =
maxu∈X `k (u, Q, P). A set Q is a (k, )-regret set of P if
and only if `k (Q, P) ≤ .
It is well known that `k (Q, P) is a monotone
decreasing (if A ⊆ B ⊆ P, then `k (A, P) ≥ `k (B, P))
and scale invariant (`k (tu, Q, P) = `k (u, Q, P) for t ≥ 0)
function. Because of the scale invariance, without loss
of generality, we can consider the users’ preferences as
unit vectors and define the set U = {u ∈ X | kuk = 1}.
The goal is to compute a small subset Q ⊆ P with
small regret ratio, which we refer to as the k-RMS
problem, or k-regret minimizing set problem. Given a set
P of n points in Rd , two versions of the k-RMS problem
have been studied: (i)min-size: Given a parameter  > 0,
compute a smallest size subset with regret ratio at most :
argminQ⊆P:`k (Q)≤ |Q|. (ii) min-error : Given an integer
r, compute a subset of P of size r that minimizes the
regret ratio: argminQ⊆P:|Q|≤r `k (Q, P).
We focus on the min-size version of the problem.
Throughout, we assume that s is the smallest size of a
(k, )-regret of point set P. All our presented algorithms
for the min-size version of the k-RMS problem can be
extended efficiently to the min-error version by running
a binary search on the different regret ratios (at most n
different regret ratios).
Top-k RMS. A generalization of the k-RMS problem,
proposed in [4, 23]. The goal is to minimize the
dissatisfaction of the k-th top tuple in Q versus the
k-th top tuple in P, i.e. find a subset Q ⊆ P such that
ωk (u, Q) ≥ (1 − )ωk (u, P), for any u ∈ X. In [23] the
authors showed that there is always such a set of size
k
k
O( (d−1)/2
) that can be found in O(n log n + 3d/2
) time.
Here, we define and solve a more general problem.
The Top-k RMS problem is defined as follows: Given a
set of n points P ⊆ X, an integer k ≥ 1, and a parameter
 ∈ (0, 1), the goal is to find a set Q ⊆ P of minimum
size such that ωi (u, Q) ≥ (1 − )ωi (u, P) for all u ∈ X
and for every 1 ≤ i ≤ k. Namely, the goal is to find a
subset Q ⊆ P to approximate top-k queries [23]. A set
Q ⊆ P with this property is called a (k, )-top regret set
of P. Given the parameters , k, we define s,k as the size
of the minimum (k, )-top regret set of P. The algorithm
proposed by [23] can also be used for the Top-k RMS
problem.

hard when the dimension d is large and they gave an
exact algorithm for d = 2. By experiments on real data
sets, they also showed that the size of a k-regret set can
be much smaller than the size of the minimum 1-regret
set.
Recently, three methods have been proposed for the
k-RMS problem. One is based on a greedy selection of
the next point to add in the subset that reduces the
maximum regret ratio [11, 17] maximally. Even though
theoretical guarantees for such greedy algorithms have
not been shown, they compute small regret sets. The
second one is based on the notion of coresets [1], a widely
used notion in computational geometric approximation.
Papers [3, 7] show that a coreset for the directional width
is also a valid (1, )-regret set. While these algorithms
are fast, they produce large (1, )-regret sets of size
1
O( (d−1)/2
) and they do not scale efficiently with k. A
third method [3, 4], models the k-RMS problem as
a set cover or a hitting set problem and uses known
approximation algorithms with provable guarantees. In
particular, given a parameter 0 < γ < 1, in [3] the
authors get a (k, (1−γ)+γ)-regret set of size O(s log s )
n
in O( γ d−1
log n log 1 ) expected time, while in [4] they get
n
a (1, (1−γ)+γ)-regret set of size O(s log γ1 ) in O( γ d−1
)
time. Recall that s is the minimum size (k, )-regret set
of P.
Different variations of the k-RMS problem have
been studied as well. Nanongkai et al. [16] defined
the interactive 1-regret minimization problem, where the
user can interact with the system saying which tuples are
more preferred. Peng and Wong [18] define the notion
of happy points, which is a subset of the skyline points,
to solve the 1-RMS problem. Catallo et al. [8] use an
algorithm to first narrow down the database and then
solve the 1-RMS problem. Soma and Yoshida [21] tackle
the 1-RMS problem in cases where the regret function
is submodular. Finally, Faulkner et al.[12] studied the
1-RMS problem for non-linear utility functions.

Related work. The 1-RMS problem was first defined
by Nanongkai et. al. [17]. Chester et al. [11] extended
the notion of 1-regret minimizing set to the k-regret
minimizing set. They showed that the problem is NP
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Our results.
(i) We show an algorithm that finds a set Q which
2

k+log2

1

γ
k
+ γ 3(d−1)/2
)
is a (k, (1 − γ) + γ)-regret set in O(n + γ d−1
expected time. The running time also holds with high
probability. The size of Q is O(s log s ) for
√ d ≥ 4 and
O(s ) for d ≤ 3. Notice that for k = O( n) our new
algorithm is faster than the best previous algorithm. In
practice, k is usually small enough to be considered a
1
constant. Our algorithm needs O(n+ γ 3(d−1)/2
) space,
n
which is smaller than the O( γ d−1 ) space needed by both
approximation algorithms in [3] and [4]. Using this result,
we can also get an algorithm for the min-error version.
Given r, we can compute a set Q of size O(r log r) with
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2

k+log2

1

γ
k
`k (Q, P) ≤ (1 − γ)`r + γ in O(n + γ d−1
+ γ 3(d−1)/2
log γk )
expected time, where `r is the minimum k-regret ratio
of a subset of P of size at most r.
(ii) We can improve the running time of (i), if k ≥
c ln nδ , for a constant c, and a parameter δ ∈ (0, 1). We
give a probabilistic algorithm that works for k ≥ c ln nδ
and finds a set Q which is a (4k, (1 − γ) + γ)-regret set
log n +log2 ( 1 )
log2 ( n )
with probability 1 − δ in O(n + γ d−1δ + γδ3(d−1)/2 γ )
expected time. This algorithm is faster than the previous
known algorithms when k ≥ c ln nδ . The size of Q is
O(s log s ) for d ≥ 4 and O(s ) for d ≤ 3.
(iii) We propose a multi-hitting set based approximation algorithm for the Top-k RMS problem. By modeling
the problem as a multi-hitting set problem we show the
first algorithm to approximate the optimal (k, )-top
regret set. In particular, we get a (k, (1 − γ) + γ)-top
log n
regret set of size O(s,k log γk ) in O( knγ d−1
) time, under
a mild assumption on the point set P.
(iv) We run experiments on real and synthetic
data sets comparing our new proposed algorithms with
existing known techniques. For the k-RMS problem we
found that our new algorithms are faster, and produce
small and competitive regret sets compared to the best
known algorithms.
For better readability we have moved some the
technical proofs to the Appendix, although they are
presented in full.

2 Algorithms for RMS problem
In this section we present two efficient algorithms for
the k-RMS problem. The first algorithm presented in
Subsection 2.1 works for any k, but it is faster and
uses less space
√ than the previous known algorithms
when k = o( n). In Subsection 2.2, we propose a
different algorithm for the k-RMS problem that works
for k ≥ c log nδ , for a sufficiently large constant c and
δ ∈ (0, 1), and runs faster than all known algorithms.
2.1 Algorithm 1. In [3], the authors present an
approximation algorithm for the k-RMS problem, based
on the hitting set problem. For a parameter γ > 0, their
algorithm outputs a (k, (1−γ)+γ)-regret set in expected
n
time O( γ d−1
log n log 1 ). Notice that the algorithm for
the 1-RMS problem presented in [4] has almost the same
running time and the same approximation factor.
The algorithms mentioned above spend too much
time because all their operations run on the entire input
set P. Our main idea is to work with two sketches P1 , Pk
of the database P instead of the entire set. To construct
our sketches of P, we use the notion of (k, )-kernel
introduced in [2]. Pk is used to find quickly the top-k
item in each direction, while P1 is used to construct the

sets, for the hitting set instance, faster. We define a
γ
1
set N, which is called 2d
-net, of O( γ d−1
) vectors around
the origin, such that for any v ∈ X there is u ∈ N with
γ
angular distance at most 2d
. For each u ∈ N, we find
the top-k point in Pk and construct a set that contains
all points in P1 with score at least (1 − )ωk (u, P). Then,
we solve the hitting set instance where the elements are
the points in P1 and the sets are the constructed sets
for all u ∈ N.
Notice that if we replace the sketches P1 , Pk with
P the algorithm described above is the same as the
algorithm presented in [3]. The main technical difficulty
is to show that using the sketches of P to construct the
hitting set instance still allows a (k, (1 − γ) + γ)-regret
set that does not contain many points, which requires
new ideas. The set we output has size O(s log s ) for
d ≥ 4 and size O(s ) for d ≤ 3 matching the performance
of the algorithm in [3].
Before describing the new algorithm we recall the
notion of (k, )-kernel. Given a set P with n points, a
subset Q ⊆ P is a (k, )-kernel if ωa (u, Q) + ωb (−u, Q) ≥
(1 − )[ωa (u, P) + ωb (−u, P)], for all u ∈ Rd and 1 ≤
a, b ≤ k. Since P ⊂ X, by adding a dummy point at
the origin that is always included in Q, and setting
b = 1, it is straightforward to see that Q is a valid
(k, )-regret set, as ω1 (−u, Q) = ω1 (−u, P) = 0. As
such, ωi (u, Q) ≥ (1 − )ωi (u, P), for all u ∈ X and
1 ≤ i ≤ k. In [2], the authors showed that a (k, )-kernel
k
k2
Q of size O( (d−1)/2
) can be computed in O(n + d−1
)
time. From the discussion above, the same result also
holds for finding a (k, )-regret set.
We now present our algorithm. Let B ⊆ P be the
set of size at most d, that contains for each coordinate
j, the point with the highest j coordinate (break ties
arbitrarily), and let Basis(P) be the method to find the
basis B. Scale(P) is a procedure that scales the set
P according to a well known transformation presented
in [3, 17]. It is a non-uniform scaling of P that takes
O(n) time such that all points lie in the unit hypercube, i.e., 0 ≤ pj ≤ 1, ∀p ∈ P and 0 ≤ j ≤ d. For
the transformation, we divide the j-th coordinate of
all points by Mj , the highest j coordinate among all
points, for all j = 1, 2, . . . , d. Note that after Scale(P)
is applied, for each coordinate j there is a point pi ∈ B
with pij = 1. Finally, let Greedy HS be the greedy
algorithm in [6] for the geometric hitting set problem.
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1:
2:
3:
4:
5:

Algorithm 1: KernelHS
B := Basis(P)
P := Scale(P)
P1 := (1, γ/3)-kernel of P
Pk := (k, γ/3)-kernel of P
γ
N := 6d
-net of U
Copyright © 2018 by SIAM
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Ru := {p ∈ P1 | ω(u, p) ≥ (1 − γ/3)(1 − )ωk (u, Pk )} s be the minimum size of a (k, )-regret set of P. A
k+log2 γ1
RN := {Ru | u ∈ N}
k2
subset
Q
⊆
P
can
be
computed
in
O(n
+
+
)
d−1
γ
γ 3(d−1)/2
8: Q0 := Greedy HS(P1 , RN )
expected
time
such
that
Q
is
a
(k,
(1
−
γ)
+
γ)-regret
set
9: Return Q := Q0 ∪ B
of P. The size of Q is O(s log s ) for d ≥ 4 and O(s )
1
Running time and Space.
Basis and Scale for d ≤ 3. The algorithm needs O(n + γ 3(d−1)/2 ) space.
procedures take O(n) time. The computation of P1
1
In practice k is often a constant. In
takes O(n + γ d−1
) [1, 9] and the computation of Pk Discussion.
2
this
case,
Algorithm
1 is the fastest over all known
k
takes O(n + γ d−1
) [2]. N can be constructed in O(|N|) =
approximation
algorithms
for the k-RMS problem. For
1
1
O( γ d−1
) time. For each u ∈ N, ωk (u, Pk ) can be found constant k, the running time is O(n +
log2 γ1 ),
γ 3(d−1)/2
k
in time linear to |Pk |, i.e., O( γ (d−1)/2 ), and the set Ru while the best known approximation for the k-RMS
1
can be found in additional O( γ (d−1)/2
) time. Hence RN problem in [3] (and [4] for the 1-RMS problem) runs in
n
k
k
n log 1 ) time. In theory, k can be much larger.
can be constructed in O(|N| × γ (d−1)/2 ) = O( γ 3(d−1)/2
) O( γ d−1 log
√
n
If k = n then the running time becomes O( γ d−1
),
time.
1
1
which
is
not
better
than
the
algorithm
presented
in
Notice that |P1 | = O( γ (d−1)/2 ) and |RN | = O( γ d−1 ),

 [3]. In the next section, we propose an algorithm with
log2 γ1
so the greedy algorithm in [6] takes O γ 3(d−1)/2
a better running time if k ≥ c log n for a constant c.
expected time (the bound on the running time also Finally, notice that if γ = , then Q is a (k, 2)-regret
holds withhigh probability). 
Overall, the algorithm set of P.
2 1
k+log γ
min-error version.
Let `r (P) be the smallest kk2
runs in O n + γ d−1
+ γ 3(d−1)/2
time. The family of
regret ratio of a subset of P with size at most r, and
1
sets |RN | has O( γ 3(d−1)/2
) elements, so the algorithm let `k (Q, P) be the k-regret ratio of a set Q ⊆ P.
1
From [3], we know that we can find a set Q such that
needs O(n + γ 3(d−1)/2 ) space.
`k (Q, P) ≤ (1 − γ)`r (Pk ) + γ, by running a binary search
Correctness.
For each u ∈ N, from the definition on all possible regret ratios. By setting γ ← γ/3 and
of Ru , there is a point q ∈ Q0 such that ω(u, q) ≥ following the same argument as in [3, Lemma 8] it is
(1 − γ/3)(1 − )ωk (u, Pk ) ≥ (1 − γ/3)2 (1 − )ωk (u, P), not hard to show that `r (Pk ) ≤ (1 − γ)`r (P) + γ. We
or equivalently, ω1 (u, Q0 ) ≥ (1 − γ/3)2 (1 − )ωk (u, P). conclude to the following result.
Indeed, this is sufficient, as the analysis in [3] shows that
Theorem 2.2. Let P ⊂ X be a set of n points in Rd ,
ω1 (u, Q) ≥ (1 − γ)(1 − )ωk (u, P) for each u ∈ X, and
k ≥ 1 an integer, and r > 0, γ ∈ (0, 1) two parameters.
hence Q is a (k, (1 − γ) + γ)-regret set of P.
Let `r (P) be the minimum k-regret ratio of a subset of
It remains to show that |Q| = O(s log s ) for d ≥ 4
P of size at most r. A subset Q ⊆ P can be computed
and |Q| = O(s ) for d ≤ 3. We assume that d ≥ 4
k+log2 γ1
k2
k
and later we can easily extend to d ≤ 3. We introduce in O(n + γ d−1 + γ 3(d−1)/2 log γ ) expected time such that
some useful notation. Let µ be the optimum solution `k (Q, P) ≤ (1 − γ)`r (P) + γ. The size of Q is O(r log r)
of the hitting set problem on the set system {P1 , RN }. for d ≥ 4 and O(r) for d ≤ 3. The algorithm needs
1
Equivalently, we define µN as the minimum (k, )-regret O(n + γ 3(d−1)/2
) space.
set of P when we only consider directions in N, as opposed
to all possible directions in X. From [6], we know that 2.2 Algorithm 2. Algorithm 1 is not very efficient
|Q0 | = O(|µ| log |µ|). It also holds that |µN | ≤ s , so if if k is large because of the construction of the (k, γ/3)k2
we can show that |µ| = O(µN ) then the result follows. kernel, which takes O(n + d−1
) time. Notice that the
γ
Indeed, the following lemma, whose proof can be found (k, γ)-kernel is a stronger tool than what we really need.
in Appendix A, shows precisely that.
Indeed, we want to approximate the score of the top-k
point in P and not the scores of the top-i points for each
Lemma 2.1. |µ| ≤ (d + 1)|µN |.
i ≤ k. We sample a subset of points S ⊆ P such that
Set B contains O(d) points and hence |Q| = O(s log s ). the score of the top-k point in P can be approximated
If d ≤ 3 then the better bound |Q0 | = O(|µN |) is true, by the score of the top-k 0 point in S, for k 0  k, i.e., k 0
and hence |Q| = O(s ). We conclude to the following is much smaller than k. Hence, we are able to construct
the (k 0 , γ/3)-kernel of S faster than the (k, γ/3)-kernel
theorem.
of P.
Theorem 2.1. Let P ⊂ X be a set of n points in Rd , The algorithm description follows. For a number 0 ≤ p ≤
k ≥ 1 an integer, and  > 0, γ > 0 two parameters. Let 1, a p-sample set of a point set P is a (random) set S ⊆ P
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such that each point of P is added in S with probability
p. Let γ, δ ∈ (0, 1) be parameters and k ≤ n an integer
where k ≥ c log nδ (notice that k ≥ c log n, assuming
δ ≥ 1/ poly(n)) for a sufficiently large constant c that
we specify in Appendix B.

1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:

Algorithm 2: LargekKernelHS
B := Basis(P)
P := Scale(P)
P1 := (1, γ/3)-kernel of P
log n
p = c kδ
S := p-sample set of P
S 0 := (d2kpe , γ/3)-kernel of S
γ
N := 6d
-net of U
Ru:={p ∈ P1 | ω(u, p)≥(1−γ/3)(1−)ωd2kpe (u, S 0 )}
RN := {Ru | u ∈ N}
Q0 := Greedy HS(P1 , RN )
Return Q := Q0 ∪ B

Running time.
As we had in Algorithm 1, the
Basis and Scale procedures take O(n) time. The
1
set P1 can be constructed in O(n + γ d−1
) time, while
2

the set S 0 is constructed in O(n + (kp)
) time. From
γ d−1
the definition of p, notice that kp = O(log nδ ), so the
running time to construct the (d2kpe , γ/3)-kernel is
log2 ( n )
1
O(n + γ d−1δ ). N is constructed in O( γ d−1
) time. Set
log

n

kp
δ
S 0 has O( γ (d−1)/2
) = O( γ (d−1)/2
) points so we need
log

n

δ
O( γ (d−1)/2
) time to find ωd2kpe (u, S 0 ) for each u ∈ N.
1
Set P1 has O( γ (d−1)/2
) points and hence the total time

log

n

δ
to construct Ru is O( γ (d−1)/2
).

1
There are O( γ d−1
)
log

n

δ
directions in N and hence we need O( γ 3(d−1)/2
) time to
construct RN . Using the greedy algorithm we compute
1
Q0 in O( γ 3(d−1)/2
log2 γ1 ) time, so the overall algorithm

runs in O(n +
Correctness.
lemma.

log2 n
δ
γ d−1

+

2 1
log n
δ +log γ
3(d−1)/2
γ

) time.

In Appendix B we prove the following

Lemma 2.2. The set Q computed by Algorithm 2 is a
(4k, (1 − γ) + γ)-regret set of P with probability 1 − δ.
The size of Q is O(s log s ) for d ≥ 4 and O(s ) for
d ≤ 3.

probability 1 − δ. The size of Q is O(s log s ) for d ≥ 4
1
and O(s ) for d ≤ 3. The algorithm needs O(n+ γ 3(d−1)/2
)
space.
3

In this section we propose an efficient approximation
algorithm for the Top-k RMS problem. Using the results
in [2, 23] we can easily get a (k, )-top regret set Q ⊆ P
k
k2
of size O( (d−1)/2
) in O(n + d−1
) time. While it shows
that every point set admits a (k, )-top regret set of small
size, a specific instance of P may have a much smaller
(k, )-top regret set. In this section, we present the
first efficient scheme to approximate the optimal (k, )top regret set, by formulating the Top-k RMS problem
problem as a multi-hitting set problem.
An instance of the multi-hitting set problem, Σ =
(X, R, A), consists of a set X of objects, a family R of
subsets of X, and an array A of |R| elements that gives
the ‘hitting’ requirement of each subset; A[R] ∈ [1, |R|]
is an integer for R ∈ R that specifies the number of
times R must be hit. A subset H ⊆ X is a multihitting set for Σ if for each R ∈ R, there are at least
A[R] elements X1 , X2 , . . . , XA[R] in H ∩ R. The multihitting set problem is to compute a multi-hitting set
of the minimum size. The multi-hitting set problem
is an NP-Complete problem, and a well-known greedy
O(log n)-approximation algorithm is known [20].
Given an instance of the Top-k RMS problem, we give
the construction of the multi-hitting set instance. Let
A = {e1 , e2 , . . . , ed } be the set of unit vectors along
the axes. Let C = minu∈A ωk (u, P)/ω1 (u, P). Given
a parameter γ > 0, let N be a Cγ
2d -net of X with size
O( C d−11γ d−1 ), where we assume without loss of generality
that kuk = 1 for u ∈ N. Let Scale(P) be the procedure
defined in Section 2 (see also [3]). For each u ∈ N we
define k sets, Rui = {p ∈ P | ω(u, p) ≥ (1 − )ωi (u, P)}
with coverage requirement A[Rui ] = i for i = 1, 2, . . . , k.
Let RN = {Rui | u ∈ N, i ∈ [1, k]}. Notice that |P| = n
and |RN | = O( C d−1kγ d−1 ).
S
We define the k-basis Bk of P by Bk = u∈A Φk (u, P).
Notice that |Bk | ≤ d · k. Let BasisK(P) be the method
to compute the k-basis Bk . Let MultiGreedy HS be
the greedy algorithm in [20] for the multi-hitting set
problem.

The final result is captured in the following theorem.
Theorem 2.3. Let P ⊂ X be a set of n points in Rd ,
δ, , γ ∈ (0, 1) three real parameters, and an integer
k ≥ c log nδ for a constant c. Let s be the minimum
size of a (k, )-regret set of P. A subset Q ⊆ P can be
log2

n

Top-k RMS problem

2 1
log n
δ +log γ
3(d−1)/2
γ

) expected time
computed in O(n + γ d−1δ +
such that Q is a (4k, (1 − γ) + γ)-regret set of P with
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Algorithm 3: TopkRMS
1: Bk := BasisK(P)
2: P := Scale(P)
ω (u,P)
3: C = minu∈A ωk (u,P)
1
4:
5:
6:

N := Cγ
2d -net of U
Rui :={p ∈ P | ω(u, p) ≥ (1−)ωi (u, P)}∀u ∈ N, i ∈ [1, k]
A[Rui ] = i, ∀u ∈ N, i ∈ [1, k]
Copyright © 2018 by SIAM
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RN := {Rui | u ∈ N, i ∈ [1, k]}
Q0 := MultiGreedy HS(P, RN , A)
9: Return Q := Q0 ∪ Bk

Let C = minu∈A ωk (u, P)/ω1 (u, P) and let s,k be the
minimum size of a (k, )-top regret set of P. A subset
log n
Q ⊆ P can be computed in O( Ckn
d−1 γ d−1 ) time such that
Q is a (k, (1 − γ) + γ)-top regret set of P. The size of
Running time.
Up to step 4, the algorithm takes
k
Q is O(s,k log Cγ
).
O(n + C d−11γ d−1 ) time. Constructing Rui takes O(n) time
for each i = 1, 2, . . . , k, so the construction of RN takes In many applications C can be considered as a constant
O( C d−1knγ d−1 ). The greedy algorithm for the multi-hitting number, and hence we have the following.
log n
set problem in [20] can be implemented in O( Ckn
d−1 γ d−1 )
d
time so the total running time of Algorithm 3 is Corollary 3.1. Let P ⊂ X be a set of n points in R ,
log n
k ≥ 1 an integer, and , γ ∈ (0, 1) two parameters. Let
O( Ckn
d−1 γ d−1 ).
s,k be the minimum size of a (k, )-top regret set of
Correctness. We first show the following lemma.
P. If the ratio minu∈A ωk (u, P)/ω1 (u, P) is bounded by
a
constant, then a subset Q ⊆ P can be computed in
Lemma 3.1. A solution of the multi-hitting set instance
kn log n
O(
) time such that Q is a (k, (1 − γ) + γ)-top
γ d−1
ΣN = (P, RN , A) is a (k, )-top regret set of P in N, and
regret set of P. The size of Q is O(s,k log γk ).
vice versa.

Downloaded 12/01/22 to 35.172.224.102 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

7:
8:

Proof. Our proof is by contradiction. Let Q be a multihitting set of ΣN . Assume that there is a direction
u ∈ N and an integer i ∈ [1, k] such that ωi (u, Q) <
(1 − )ωi (u, P). Consider the set Rui ∈ RN . For each
point p ∈ Rui , we have that ω(u, p) ≥ (1 − )ωi (u, P) (it
follows by definition). Since A[Rui ] = i, there are at least
i distinct points q1 , . . . , qi ∈ Q ∩ Rui , and without loss of
generality assume that ω(u, q1 ) ≥ . . . ≥ ω(u, qi ). Hence
we have, ωi (u, Q) ≥ ω(u, qi ) ≥ (1 − )ωi (u, P), which is
a contradiction.
Similarly, we can show the other direction. Let Q be
a (k, )-top regret set of P in N. Assume that Q is
not a multi-hitting set of ΣN , so assume that there
is a set Rui ∈ RN such that there are not at least i
points in Q that are contained in Rui . Notice that all
points p ∈ P with ω(u, p) ≥ (1 − )ωi (u, P) belong to set
Rui . Since Q is a (k, )-top regret set, for each j ≤ k,
ωj (u, Q) ≥ (1 − )ωj (u, P). Thus, for j = i, there are at
least i points with score greater or equal to (1−)ωi (u, P).
All of these points also belong in Rui .

Exploiting the geometry. Using the algorithm of
Chekuri et. al. [10], for the set multi-cover problem
in geometric settings, i.e., when the V C dimension is
a constant, we get better results for the approximation
ratio. However, their algorithm uses linear programming
so the running time is not as efficient. The corollary
below summarizes the main gain in approximation ratio.
Corollary 3.2. Let P ⊂ X be a set of n points in Rd ,
k ≥ 1 an integer, and , γ ∈ (0, 1) two parameters. Let
s,k be the minimum size of a (k, )-top regret set of P.
A subset Q ⊆ P can be computed in polynomial time such
that Q is a (k, (1 − γ) + γ)-top regret set of P. The size
of Q is O(s,k log s,k ) for d ≥ 4 and O(s,k ) for d ≤ 3.
4

Experiments

We run experiments on real and synthetic data sets to
compare the efficiency and the efficacy of Algorithm 1
with the other existing algorithms for the k-RMS
problem. The parameter k will be small, thus we use
Algorithm 1 and not Algorithm 2 which is for large values
From Lemma 3.1, we have that Q0 is a (k, )-top regret set
of k.
0
of P in N. Next, we show that Q ∪Bk is a (k, (1−γ)+γ)All algorithms are implemented in C++ using a 64-bit
top regret set of P in any direction X. The proof of the
machine with four 3600 MHz cores and 16GB of RAM
next lemma can be found in Appendix C.
with Ubuntu 14.04.
Lemma 3.2. The set Q computed by Algorithm 3 is a
Algorithms and Implementation. We implement
(k, (1 − γ) + γ)-top regret set of P.
two variations of Algorithm 1, CoresetHS, and HeurHS.
k
From [20] we have that Q0 is a O(log Cγ
) approximation Both of the algorithms compute a (k, )-kernel, P0 ⊆ P
k
hitting set
of the optimum solution, i.e., |Q0 | = O(s,k log( Cγ
)), of the input set P and then run the greedy
0
algorithm
considering
only
points
in
P
.
Our
algorithms
where s,k is the smallest possible (k, )-top regret set
CoresetHS
and
HeurHS
differ
only
in
the
way
that they
of P in N. Bk contains at most d · k = O(s,k ) because
compute
a
(k,
)-kernel.
k
k ≤ s,k in any case. Hence, |Q| = O(s,k log( Cγ )).
We first start by explaining a known practical method
Our result is encapsulated in the following theorem.
for computing a (1, )-kernel and later we extend it to
Theorem 3.1. Let P ⊂ X be a set of n points in Rd , compute a (k, )-kernel. A (1, )-kernel is computed in
k ≥ 1 an integer, and , γ ∈ (0, 1) two parameters. practice by sampling directions on the unit sphere, in
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stages. For a certain number m, we start by taking m
points on the unit sphere. Let S be that sample set.
As in [1], for each s ∈ S we add in P0 the point p ∈ P
such that p = nn(s, P), where nn(s, P) is the nearest
neighbor of s in the set P. We then check if P0 is a
(1, )-kernel by testing using a large set of directions V if
the set P0 satisfies the conditions of being a (1, )-kernel.
If yes, we stop and output P0 . Otherwise, we repeat
the sampling process and the nearest-neighbor queries
taking 2m samples, and so on.
CoresetHS.
For CoresetHS, we compute a (k, )kernel extending the method of (1, )-kernels as shown
in [2]. CoresetHS runs the algorithm for (1, )-kernel, k
times. More specifically, using m samples on the unit
sphere, CoresetHS constructs the set P01 with at most
m points taking the nearest neighbors in P. Then, it
removes P01 from P, re-scales the points using the Scale
function (Algorithm 1), and take again m samples to
get the next set P02 . This
S process is repeated k times,
ending with the set P0 = i≤k P0i . We run the hitting set
algorithm on P0 constructing a net with m directions and
we get the hitting set Q. Using the set V we check if Q is
a (k, )-regret set. If yes, then we return Q. Otherwise,
we repeat the process taking 2m samples, and so on.

HS for k = 1, is much faster than the Greedy algorithm
presented in [17]. It is clear that Hitting set type of algorithms perform much faster than greedy type algorithms,
so we only compare our implementations with HS.
Agarwal et al. [3] showed that their coreset-based
algorithm was the fastest over all algorithms for the
1-RMS problem. They used this algorithm for larger
k as well. However, coreset-based algorithms produce
much larger regret sets than the hitting set based
approximation algorithms and are not useful in practice
where small regret sets are required.

HeurHS. For HeurHS, we show a simpler and practical way to get a (k, )-kernel, also used in [23]. After
taking m samples on the unit sphere, HeurHS finds the
(2k)-nearest neighbors of each sample in the set P. Let
P0 be the set with the (2k)-nearest neighbors. Notice
that it contains at most 2k · m points. The algorithm
runs the hitting set on P0 and finds a set Q. If Q is not
a (k, )-regret set then we repeat the algorithm with 2m
samples, otherwise, we return the set Q.
We expect that HeurHS would be faster than CoresetHS
because the latter re-scales the points k times, and each
iteration takes O(n) time. Using the ANN library in
C++ for answering k-nearest neighbor queries HeurHS
can be implemented very efficiently. On the other hand,
CoresetHS may produce smaller regret sets than HeurHS
because the way that computes a (k, )-kernel has nice
theoretical guarantees, see [2].
The best known implementation for the k-RMS problem
is called HS and is described in [3]. A Greedy algorithm
(and its implementation) [11] has also been proposed for
the k-RMS problem. Agarwal et al. [3] showed experimentally using real data sets that HS algorithm performs
much faster than the Greedy algorithm. Furthermore,
the size of the regret sets that the HS algorithm returns
is competitive, if not smaller, to the size of the regret set
returned by the Greedy algorithm. Similarly, Asudeh et
al. [4] showed that their approximation algorithm for
the 1-RMS problem, which is essentially the same as
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Datasets. We now describe the datasets used for our
experiments.
BB1 : Each point represents a basketball player with
five statistics: points, rebounds, blocks, assists, and
fouls. It has 21961 points in 5-d, with 200 points on the
skyline. This is a widely used dataset, see for example
[3, 4, 11, 13, 14, 22].
ElNino2 : This dataset contains oceanographic data
such as wind speed, water temperature, surface temperature etc., measured by buoys stationed in the Pacific
ocean. It has 178080 points in 5-d, with 1183 points on
the skyline. It has also been used before, see [3, 11].
AirData3 : This dataset contains the flight on-time
published by the US Department of Transportation. For
each flight conducted by the 14 US carriers in January
2015 we keep 7 numerical attributes as in [4]: DepDelay, Taxi-out, Taxi-in, Actual-elapsed-time, Air-time,
Distance, Arr-Delay. It has 458311 points in 7-d, with
6439 points on the skyline.
AntiCor: Anti-correlated points (synthetic). This
dataset is generated as described in [5]. It has 150000
points in 4-d, with 1685 points on the skyline. It is one
of the most used synthetic datasets for skyline, top-k,
and regret set problems, see [3, 5, 15, 17, 22].
Uniform: Uniform points in the unit hypercube (synthetic). This is the Independent data set described in
[5]. It has 200000 points in 6-d, with 2849 points on the
skyline.
Sphere: Points on unit sphere (synthetic). 150000
points in 4-d, with 150000 points on the skyline.
Running time.
To compare the efficiency of CoresetHS, HeurHS, and HS algorithms, we follow the procedure in [3]. For regret ratio  we measure the time in
seconds that each algorithm needs to find a (k, )-regret
set. We run experiments for k = 5 and k = 20, while 
varies over {0.005, 0.007, 0.009, 0.02, 0.04, 0.06, 0.08, 0.1}.
1 databasebasketball.com
2 archive.ics.uci.edu/ml/datasets/El+Nino
3 transtats.bts.gov/DL SelectFields.asp?Table ID=
236&DB Short Name=OnTime
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100
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Since HeurHS, CoresetHS, and HS are randomized al- Figure 1 shows the running time for all the algorithms
gorithms, for each  we show the average running time over all data sets for k = 5. We observe that HeurHS is
across 8 executions.
clearly the fastest over all algorithms for each data set.
For some data sets the difference in the running time is
BB
ElNino
remarkable.
CoresetHS
CoresetHS
50
100
For data set BB, HeurHS performs 28 times faster than
HeurHS
HeurHS
HS
HS
40
80
CoresetHS, and 71 times faster than HS for  = 0.007.
30
60
On average over all regret ratios (), HeurHS performs
20
40
11 times faster than CoresetHS and 26 times faster than
10
20
HS. In the synthetic data set Uniform, HeurHS runs 6
0
0
0.005 0.007 0.009 0.02 0.04 0.06 0.08
0.1
0.1
0.005 0.007 0.009 0.02 0.04 0.06 0.08
(resp. 6.5) times faster than CoresetHS and 7.5 (resp.
Error
Error
AirData
Uniform
17) times faster than HS to get a (5, 0.005)-regret set
2,000
250
CoresetHS
CoresetHS
(resp. (5, 0.02)-regret set). On average HeurHS is 6.75
HeurHS
HeurHS
HS
HS
200
1,500
times faster than CoresetHS and 7.7 times faster than
150
HS.
1,000
100
We observe a similar behavior for AntiCor data set.
500
50
Notice that AntiCor is one of the most complicated data
0
0
0.005 0.007 0.009 0.02 0.04 0.06 0.08
0.1
0.005 0.007 0.009 0.02 0.04 0.06 0.08
0.1
sets for finding (k, ) regret sets. The anti-correlated
Error
Error
Sphere
structure of the points in this data set makes the decision
AntiCor
200
CoresetHS
CoresetHS
100
of a small representative set a very difficult task. In [3],
HeurHS
HeurHS
HS
HS
80
authors showed that the Greedy algorithm could not
150
60
find a regret set for such an AntiCor data set even after
100
40
2 days of execution. Surprisingly, HeurHS performs very
50
20
fast for AntiCor data set. On average, HeurHS is 15
0
0
times faster than CoresetHS and 30 times faster than
0.005 0.007 0.009 0.02 0.04 0.06 0.08
0.1
0.005 0.007 0.009 0.02 0.04 0.06 0.08
0.1
Error
Error
HS. Finally, it is worth mentioning that Sphere data
set contains the worst case scenario for HeurHS and
Figure 1: Running time, k = 5
CoresetHS. The main reason is that all points in Sphere
belong in the skyline and the convex hull, and hence
the size of (k, )-kernels is large. Even for this dataset,
BB
ElNino
HeurHS is still the fastest over all algorithms.
400
CoresetHS
CoresetHS
50
HeurHS
HeurHS
As
we expected, CoresetHS is not much faster than HS,
HS
HS
300
40
and in some data sets, AirData, and Sphere, HS runs
30
200
faster than CoresetHS. As we pointed out, the running
20
time of CoresetHS depends highly on the parameter
100
10
k and the size of the (k, )-kernel, and hence it is not
0
0
0.005 0.007 0.009 0.02 0.04 0.06 0.08
0.1
0.005 0.007 0.009 0.02 0.04 0.06 0.08
0.1
always faster than HS.
Error
Error
AirData
Uniform
In Figure 2 we can see the running time for k = 20. We
500
CoresetHS
CoresetHS
observe that as k increases from 5 to 20, the running
HeurHS
HeurHS
3,000
HS
HS
400
time of all algorithms increases. However, the running
300
2,000
time of HeurHS is not affected as much as the time of
200
CoresetHS and HS. Thus, HeurHS is the fastest even for
1,000
100
larger values of k.

60
40

100

20
0
0.005 0.007 0.009 0.02

0.04

Error

0.06

0.08

0.1

0
0.005 0.007 0.009 0.02

0.04

Error

Figure 2: Running time, k = 20

0.06

0.08

0.1

Size of regret set generated.
An algorithm for
k-RMS problem should not be just fast; it also needs
to find small regret sets. For example, in [3], coresetbased algorithms perform faster than HS for the 1RMS problem but compute much larger regret sets.
We compare the size of the (k, )-regret sets found by
HeurHS, CoresetHS, and HS algorithms for different
values of .
Figure 3 shows the size of the returned regret sets for
k = 5. Overall, we can observe that CoresetHS and
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HeurHS return slightly smaller regret sets than HS, but expected, the size of the regret sets for k = 20 is always
the difference is not remarkable. The same observations smaller than the size of the returned regret sets for k = 5.
We conclude that all the algorithms return comparable
BB
ElNino
20
sized regret sets.
CoresetHS
CoresetHS
HeurHS
HS

HeurHS
HS

15

Summary. We summarize the above discussion into
the following conclusion.
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HeurHS is the best over all algorithms for kRMS problem. It is more efficient than the
other algorithms (CoresetHS and HS), and
returns comparable sized regret sets.
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Scalability.
We test the scalability of HeurHS,
CoresetHS, and HS algorithms as the number of points
(n) in a data set increases. For this, we generate two
types of synthetic data sets.
First, we generate anti-correlated points in 4 dimensions. (We set the σ parameter equal to 0.05 as described in [5]. This parameter handles the variance of
the points.) We fix  = 0.01, and we generate 6 sets
of 1000, 10000, 50000, 100000, 500000, 1000000 points, respectively. Second, we try uniform (independent) points
in 5 dimensions. We fix  = 0.007 and we generate 6
data sets similar to the anti-correlated case.

Figure 3: Size of regret sets, k = 5
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In Figure 5 we observe that HeurHS is faster than
CoresetHS and HS algorithms in all cases. Furthermore,
it is clear that as n increases, the running time of HeurHS
does not degrade (i.e., increase) as much as the running
time of CoresetHS and HS. Similarly, the running time
of CoresetHS does not increase as much as that of HS.
We conclude:

2,500
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HeurHS
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HS

2,000

12

HeurHS is more scalable than CoresetHS and
HS. It can be used even with very large data
sets.
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0.1

We presented faster algorithms for the k-RMS problem
with theoretical guarantees that improve the running
Figure 4: Size of regret sets, k = 20
time of the previously known algorithms. By doing simple modifications of our proposed theoretical algorithm,
hold when k = 20 in Figure 4. Furthermore, as we we showed a practical algorithm that works faster than
Error

Error
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all previous implementations for the k-RMS problem and
finds competitive regret sets. Furthermore, we presented
an efficient approximation algorithm for the Top-k RMS
problem.
There are still some interesting open problems for finding
k-regret minimizing sets. The main question is: can
we have an efficient approximation algorithm when the
dimension d is not a constant? Notice that we improved
n
1
the complexity from roughly O( d−1
) to O(n + d−1
)
(skipping polylog(n) factors) but if the dimension d is
1
large then the factor d−1
can be extremely large.
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A

ti ∈ T such that hu, ti i ≥ 0 and hence q = ti . If u ∈ X,
we showed above that there is always a point q ∈ PV such
that u ∈ h+
pq and hence hu, qi ≥ 0. From Lemma A.1
we know that the origin o lies in the convex hull of PV .
From the well known Caratheodory’s theorem, there
is a subset of points C ⊂ PV , with |C| ≤ d + 1, such
that o ∈ conv(C). Let VC be the corresponding unit
vectors of the points C, and let Sp be the corresponding
halfspaces of the vectors in VC . If ti ∈ C, let h+
pti be
the halfspace normal to ti that contains the point ti
and passes through the origin. Let h+
T be the set of
+
all halfspaces hpti . We know that |Sp | ≤ d + 1 and
from Lemma A.1 we can conclude that for any direction
u ∈ Rd , there is a halfspace h+ ∈ Sp such that u ∈ h+ .
Notice that if u ∈ X then hu, ti i ≤ 0 for each 1 ≤ i ≤ d,
and hence for each u ∈ X there is a halfspace h+ ∈ Sp \h+
T
such that u ∈ h+
pq . So, each direction u ∈ X is contained
in a halfspace in Sp \ h+
T , and |Sp | ≤ d + 1. The result
follows.

Proof of Lemma 2.1
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The following elementary lemma is required to prove
Lemma 2.1 and we omit the proof.
Lemma A.1. Let A ⊆ Rd be a set of points, conv(A)
the convex hull of A, and o the origin. It holds that
o ∈ conv(A) iff ∀u ∈ Rd , ∃a ∈ A such that hu, ai ≥ 0.
The next lemma is our main observation.
Lemma A.2. For any point p ∈ P, there is a set
Ap ⊆ P1 , with |Ap | ≤ d + 1 such that ω1 (u, Ap ) ≥
(1 − γ/3)ω(u, p) for all u ∈ X.
Proof. We fix a point p ∈ P and a point r ∈ P1 . If
p ∈ P1 , then Ap = {p} and the result follows. Next, we
consider that p ∈
/ P1 , and hence r 6= p. The inequality
ω(u, r) ≥ (1 − γ/3)ω(u, p) defines a halfspace h+
pr that
is defined by a hyperplane hpr that passes through the
origin. Indeed, if pi , ri , ui denote the i-th coordinate of
point p, point r and vector u, respectively, then we have
ω(u, r) ≥ (1 − γ/3)ω(u, p) ⇔ hu, ri ≥ (1 − γ/3)hu, pi ⇔
Pd
hu, r − (1 − γ/3)pi ≥ 0 ⇔ i=1 ui [ri − (1 − γ/3)pi ] ≥ 0.
Pd
Hence, hpr has the equation i=1 ui [ri − (1 − γ/3)pi ] =
0, and the halfspace h+
pr is defined as the inequality
Pd
i=1 ui [qi − (1 − γ/3)pi ] ≥ 0.
For any direction u ∈ X there is a halfspace h+
pq
+
such that u ∈ h+
pq (by u ∈ hpq we mean that any
point along direction u belongs in h+
pq ). Indeed, if
p = ϕ1 (u, P) then there is a point q ∈ P1 such that
ω(u, q) ≥ (1 − γ/3)ω(u, p), because P1 is a (1, γ/3)kernel, and hence u ∈ h+
pq . If p 6= ϕ1 (u, P) then there is
a point q ∈ P1 such that ω(u, q) ≥ (1 − γ/3)ω1 (u, P) ≥
(1 − γ/3)ω(u, p), and hence, again, u ∈ h+
pq .
1
+
Let Hp = {hpq | q ∈ P1 } be the set of O( γ (d−1)/2
)
halfspaces. Assume for now that there exists a subset
Sp ⊂ Hp of at most d + 1 hafspaces such that, for any
direction u, there is a halfspace h+ ∈ Sp that contains
u, i.e., u ∈ h+ . Let Ap = {q | h+
pq ∈ Sp }. We argue that
Ap is the set that we are looking for. Take any direction
+
u and let u ∈ h+
pq , where hpq ∈ Sp . It holds that q ∈ Ap
+
and u ∈ hpq ⇔ ω(u, q) ≥ (1 − γ/3)ω(u, p), and hence
the result follows.
To complete the proof, it remains to show the existence
of such a set Sp ⊂ Hp . let H̄p be the set of hyperplanes
that define the halfspaces in Hp . For each h ∈ H̄p let vh
be the (unit) vector normal to h that lies in the defined
halfspace h+ , and let V be the set of all such vectors, i.e.,
V = {vh | h+ ∈ Hp }. Let PV be the points defined by
the unit vectors in V . We add d points T = {t1 , . . . , td }
in PV such that ti has its i-th coordinate equal to −1 and
all the remaining coordinates equal to 0. Notice that for
each direction u ∈ Rd there is a point q ∈ PV such that
hu, qi ≥ 0. Indeed, if u ∈
/ X, then there is at least a point

There is one more step to prove Lemma 2.1.
S
Lemma A.3. The set µ̂ = p∈µN Ap is a hitting set for
the set system (P1 , RN ).
Proof. We show that for each u ∈ N there exists a point
q ∈ µ̂ such that q ∈ Ru . We fix a direction u. µN is
the minimum (k, )-regret set of P in N, so there exists
a point p̄ ∈ µN such that ω(u, p̄) ≥ (1 − )ωk (u, P).
From Lemma A.2, there exists a set Ap̄ ⊆ P1 such
that ω1 (u, Ap̄ ) ≥ (1 − γ/3)ω(u, p̄). We argue that
q = ϕ1 (u, Ap̄ ). Notice that Ap̄ ⊆ P1 and Ru contains all
points in P1 with score greater or equal to (1 − γ/3)(1 −
)ωk (u, Pk ) ≤ (1 − γ/3)(1 − )ωk (u, P). So, if a point
r ∈ P1 has score ω(u, r) ≥ (1 − γ/3)(1 − )ωk (u, P) then
r ∈ Ru . We note that ω1 (u, Ap̄ ) ≥ (1 − γ/3)ω(u, p̄) ≥
(1 − γ/3)(1 − )ωk (u, P), and hence q ∈ Ru .
S
The subset µ̂ = p∈µN Ap is a hitting set of (P1 , RN ) and
contains at most (d + 1)|µN | points. This completes the
proof of Lemma 2.1.
B

Proof of Lemma 2.2

First, we show an interesting connection between the
sets S, P. We use the following lemma, proved in [19]
(Lemma 1).
Lemma B.1. Let E be a set of n ranked elements, and
R be a p-sample set of E. Suppose that integer k ≥ 1 and
real value δ ∈ (0, 1) satisfy kp ≥ 3 ln(3/δ) and n ≥ 4k.
Then, the following hold simultaneously with probability
at least 1 − δ, (1) |R| > 2kp, (2) The element with rank
d2kpe in R has rank between k and 4k in E.
We generalize the above lemma in our setting. Consider
a direction u ∈ Rd . Points in P can be considered as
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ranked items, p < q if ω(u, p) < ω(u, q). It is well known
that there are at most nd distinct orderings of the points
for all u ∈ X. Applying a simple union bound on the
result of Lemma B.1, applied to the ordering in each
direction, we conclude the following.

C

Proof of Lemma 3.2

First we need some preparatory lemmas and observations.
The proof of the following is an easy adaptation of the
proof of Lemma 7 from [3], but we provide it here for
completeness.

Lemma C.1. Let Q0 be a (k, )-top regret set of P in N,
0
Lemma B.2. Let P ⊂ Rd be a set of n points. Let S and let Bk be the k-basis of P. Let Q = Q ∪ Bk . Then,
be a p-sample set of P. Suppose that integer k ≥ 1 for every direction u ∈ U, and every integer 1 ≤ i ≤ k,
d
there are at least i distinct points q1 , . . . , qi ∈ Q such that
and real value δ ∈ (0, 1) satisfy kp ≥ 3 ln 3nδ and
ω(u, qj ) ≥ (1 − γ)(1 − )ωi (u, P) for every j = 1, 2, . . . , i.
n ≥ 4k. Then the following hold simultaneously with
probability at least 1 − δ, (1) |S| > 2kp, (2) for any Proof. Fix an integer i ∈ [k]. We first consider the case
C√
u ∈ X, ω4k (u, P) ≤ ωd2kpe (u, S) ≤ ωk (u, P).
when ωi (u, P) ≤ (1−)
. In this case, we show that
d
the set Bk is guaranteed to contain i distinct points
q1 , . . . , qi such that ω(u, qj ) ≥ √Cd for each 1 ≤ j ≤ i.
Lemma B.2 implies that with probability 1 − δ, the Let u = (u , . . . , u ). Since kuk
= 1 there exists
1
d
d2kpe-level of S lies between the k-th and the 4k-th level ` ≤ d such that u ≥ √1 . Consider the unit vector
`
d
of P. For the remainder of this section we assume the
e` along the x` axis. Notice that Φk (e` , P) ⊆ Bk and
conditions given in Lemma B.2 do occur. Therefore, the
hence qj = ϕj (e` , P) ∈ Bk , for all 1 ≤ j ≤ k. Let
analysis of the approximation factor and the size of Q
qj = (qj1 , . . . , qjd ). By the definition of C, qj` ≥ C, for
below, hold true with probability at least 1 − δ.
each 1 ≤ j ≤ k, and so ω(u, qj ) ≥ u` qj` = √Cd , which
We first analyze the approximation factor. For each
u ∈ N there will be a point in p ∈ Q0 such that proves the claim.
C√
ω(u, p) ≥ (1 − γ/3)(1 − )ω
(u, S 0 ) ≥ (1 − γ/3)2 (1 − Now assume that ωi (u, P) > (1−) d . Let ū ∈ N be a
d2kpe

)ωd2kpe (u, S) ≥ (1 − γ/3)2 (1 − )ω4k (u, P). The first
inequality follows from the definition of Ru , the second
inequality follows from the definition of a (d2kpe , γ/3)kernel, and the third inequality holds due to Lemma B.2.
Since ω1 (u, Q0 ) ≥ (1 − γ/3)2 (1 − )ω4k (u, P) for u ∈ N,
following the analysis of [3] we have that ω1 (u, Q) ≥
(1 − γ)(1 − )ω4k (u, P) for any u ∈ X.
We now analyze how large |Q| is compared to s . The
analysis is similar to the proof of Lemma 2.1 but we
include it here for completeness.
As we defined above, let µN be the minimum (k, )regret set of P for u ∈ N, and µ be the minimum hitting
set of the set system (P1 , RN ). Fix a direction u ∈ N.
Assume p ∈ µN such that ω(u, p) ≥ (1 − )ωk (u, P).
From Lemma A.2, there is a point q ∈ P1 such that
ω(u, q) ≥ (1−γ/3)(1−)ωk (u, P). We claim that q ∈ Ru .
Indeed, q ∈ P1 and (1 − γ/3)(1 − )ωd2kpe (u, S 0 ) ≤
(1 − γ/3)(1 − )ωd2kpe (u, S) ≤ (1 − γ/3)(1 − )ωk (u, P)
and since Ru contains all points in P1 with score at least
(1 − γ/3)(1 − )ωd2kpe (u, S 0 ) we have q ∈ Ru . For each
p ∈ µN , there is a set Ap ⊆ P1 (see proof of Lemma
A.2)
S
of at most d + 1 points such that the union p∈µN Ap is
a hitting set for the set system (P1 , RN ). Hence, we have
shown that |µ| ≤ (d + 1)|µN | ≤ (d + 1)s . Q0 is a set with
size O(|µ| log |µ|) for d ≥ 4, so |Q0 | = O(|µN | log |µN |) =
O(s log s ). We also have that |B| = O(1), and hence
|Q| = O(s log s ). For d ≤ 3, we can conclude that
|Q| = O(s ) owing to a better approximation for the
hitting set problem.

d
direction in the net N such that, (u
, ū) ≤ Cγ/2d, where
d
(u
, ū) is the angle between u and ū. Such a direction
exists because N is a Cγ
2d -net on U. Observe that,


q
d
(u
, ū)
Cγ
d
ku − ūk = 2 − 2 cos((u, ū)) = 2 sin
≤
,
2
2d
where we have used first the cosine rule, the identity
1 − cos θ = 2 sin2 θ2 , as well as the inequality sin θ ≤ θ
for θ ≥ 0 in the final step. Also, observe that for any
p ∈ P we have,
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(C.1)

Cγ
|ω(u, p) − ω(ū, p)| ≤ √ .
2 d

This follows because,
|ω(u, p) − ω(ū, p)| = |hu, pi − hū, pi|
= |hu − ū, pi|
≤ ku − ūk · kpk
Cγ √
≤
· d
2d
Cγ
= √ ,
2 d
where we have used the Cauchy-Schwarz inequality for
the first inequality, the upper
√ bound on ku − ūk derived
earlier, along with kpk ≤ d (recall P has been scaled
so that for every point, any coordinate is at most 1 in
value) for the second inequality.
Copyright © 2018 by SIAM
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Lemma C.3. Let Q0 be a (k, )-top regret set of P in N,
and let Bk be the k-basis of P. Let Q = Q0 ∪ Bk . Then,
for every direction u ∈ U, there exist k distinct points
q1 , . . . , qk ∈ Q such that for each 1 ≤ i ≤ k we have that
ω(u, qi ) ≥ (1 − γ)(1 − )ωi (u, P).
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Let x1 , x2 , . . . , xi ∈ P be the top-i points along direction
u, i.e., xi = ϕi (u, P). Also, let yi be the top-i point along
direction ū. As remarked we can assume, ω(u, xi ) ≥
C√
. We have that,
(1−) d
Cγ
ω(ū, xi ) ≥ ω(u, xi ) − √
2 d
(1 − )γ
≥ ω(u, xi ) −
ω(u, xi )
2


(1 − )γ
= ω(u, xi ) 1 −
.
2

Proof. We construct a bipartite graph G = ([k] ∪ Q, E)
with partite sets [k] = {1, 2, . . . , k} and Q. For a
vertex i ∈ [k] we connect it to all q ∈ Q such that
ω(u, q) ≥ (1 − γ)(1 − )ωi (u, P). By Lemma C.1, the
degree of vertex i is at least i. As such, by Lemma C.2,
there is a matching M in G that saturates [k]. Thus,
The first inequality follows by Equation C.1, and there are points q1 , q2 , . . . , qk , where qi is the neighbor
C√
the second inequality holds since ω(u, xi ) > (1−)
. of i in M . By definition of G, qi satisfies ω(u, qi ) ≥
d
(1 − γ)(1 − )ωi (u, P).
This implies that there are at least i points along
ū

whose scores are each at least ω(u, xi ) 1 − (1−)γ
, and We can now show what we want. We need to show
2
that for any direction u ∈ U and for any integer i ∈ [k]
therefore the i-th best score
 along ū, i.e., ω(ū, yi ), is at
it holds that ωi (u, Q) ≥ (1 − γ)(1 − )ωi (u, P). By
(1−)γ
0
least ω(u, xi ) 1 − 2
. Since Q is a (k, ε)-top regret
Lemma C.3, there are k distinct points q1 , . . . , qk such
set of P in N, there are i distinct points q1 , q2 , . . . , qi ∈ that ω(u, q ) ≥ (1 − γ)(1 − )ω (u, P) for all 1 ≤ j ≤ k.
j
j
Q0 ⊆ Q such that ω(ū, qj ) ≥ (1 − )ω(ū, yi ). We claim Now for the set X = {q , . . . , q } ⊆ Q since we have
1
k
that all these points “settle” the direction u as well, at least i distinct points (the points q , . . . , q ) such
1
i
up-to the factor (1 − γ)(1 − ). Indeed,
that ω(u, qj ) ≥ (1 − γ)(1 − )ωi (u, P) for 1 ≤ j ≤ i, it
follows that ωi (u, X) ≥ (1 − γ)(1 − )ωi (u, P). Thus,
Cγ
ω(u, qj ) ≥ ω(ū, qj ) − √
ωi (u, Q) ≥ ωi (u, X) ≥ (1 − γ)(1 − )ωi (u, P), and the
2 d
result of Lemma 3.2 follows.
Cγ
≥ (1 − )ω(ū, yi ) − √
2 d


(1 − )γ
Cγ
≥ (1 − ) 1 −
ω(u, xi ) − √
2
2 d


(1 − )γ
≥ (1 − ) 1 −
ω(u, xi )
2
(1 − )γ
−
ω(u, xi )
2
= (1 − )(1 − γ + γ/2)ω(u, xi )
≥ (1 − γ)(1 − )ω(u, xi ).
This completes the proof.
We need the following graph theoretic lemma.
Lemma C.2. Let G = ([k] ∪ V, E) be a bipartite graph
with the partite sets [k] = {1, 2, . . . , k} and V , such that
for each 1 ≤ i ≤ k, the degree of i is at least i. Then,
there is a matching M ⊆ E that saturates [k].
Proof. We show that the condition of Hall’s marriage
theorem are met, thus implying the existence of such
a matching. Let W ⊆ [k] be any non-empty subset.
Clearly W contains some integer (vertex) ` with ` ≥ |W |.
Then, the set of neighbors of W , i.e., NG (W ), includes
at least the neighbors of ` which are at least ` ≥ |W | by
assumption.
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